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ABSTRACT 
I n  a drag-free s a t e l l i t e ,  a proof mass i s  enclosed i n  t h e  c a v i t y  
of a sp inning  s a t e l l i t e .  Control j e t s  on t h e  s a t e l l i t e  keep the  proof 
mass from touching the  c a v i t y  wal l .  Mass a t t r a c t i o n  of t h e  s a t e l l i t e  
on t h e  proof mass i s  t h e  l a r g e s t  f o r c e  pe r tu rb ing  t h e  proof mass from 
a purely p lane tary  g r a v i t a t i o n a l  o r b i t .  
T h i s  t h e s i s  analyzes  a n  i n t e g r a l  c o n t r o l l e r  designed t o  reduce i n -  
t r a c k  t r a j e c t o r y  e r r o r  caused by mass a t t r a c t i o n .  Root locus obtained 
by the  frequency symmetry method was used along w i t h  analog and d i g i t a l  
computer s imula t ions .  Linear  and on-off c o n t r o l s  w i t h  square and octag- 
ona l  deadspace were compar,ed . 
The e x t e r n a l  d i s tu rbance  fo rces  on the  s a t e l l i t e  were s tud ied  w i t h  
r e s p e c t  t o  the  mass a t t r a c t i o n  fo rce  tha t  r e s u l t s .  
An e r r o r  a n a l y s i s  w a s  made of t he  i n t e g r a l  c o n t r o l l e r  mechanization. 
I t  was shown t h a t  t he  in- t rack  t r a j e c t o r y  e r r o r  caused by m a s s  a t t r a c t i o n  
i s  reduced from 150 km t o  72 m ( a f t e r  1 yea r )  wi th  the  use of i n t e g r a l  
c o n t r o l .  
Trapping, a s t a b l e  equi l ibr ium pos i t i on  of t h e  proof mass which re- 
q u i r e s  a cons t an t  expendi ture  of f u e l ,  was encountered dur ing  the  analy- 
sis of t he  i n t e g r a l  c o n t r o l .  An a n a l y s i s  is made of t he  t rapping  suscep- 
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Chapter I 
INTRODUCTION 
A .  Problem Statement 
The drag- f ree  s a t e l l i t e  s t u d i e d  i n  t h i s  thes i s  c o n s i s t s  of a proof 
mass i n s i d e  a sealed c a v i t y  of a sp inning  s a t e l l i t e .  Control  j e t s  enable 
t he  sa te l l i t e  t o  fo l low t h e  t r a j e c t o r y  of the proof mass and y e t  never 
touch i t .  I n  t h i s  manner ,  t h e  proof mass (and t h e r e f o r e  the  s a t e l l i t e )  
i s  made t o  fo l low an o r b i t  which is almost s o l e l y  under t h e  inf luence  
of p lane tary  g r a v i t y .  
Mass a t t r a c t i o n  f o r c e  of the s a t e l l i t e  on t h e  proof mass i s  t h e  
l a r g e s t  f o r c e  pe r tu rb ing  t h i s  o rb i t ;  and f o r  some drag-free s a t e l l i t e  
app l i ca t ions ,  t h i s  pe r tu rba t ion  cannot be t o l e r a t e d .  
Since the  s a t e l l i t e  w i l l  be spinning,  mass a t t r a c t i o n  f o r c e  a t  t h e  
c o n t r o l  sensor  n u l l  po in t  w i l l  n o t  produce long term t r a j e c t o r y  e r r o r .  
However, due t o  the  i n a b i l i t y  t o  p r e c i s e l y  l o c a t e  every mass element i n  
t h e  s a t e l l i t e ,  mass a t t r a c t i o n  gradien ts  w i l l  n o t  be zero.  T h i s  impl ies  
t h a t  f o r c e s  which d i s t u r b  the  s a t e l l i t e  and d i s p l a c e  the  proof mass r e l a -  
t i v e  t o  the  sa te l l i t e  may r e s u l t  i n  mass a t t r a c t i o n  f o r c e  on t h e  proof 
mass. T h i s  f o r c e ,  due t o  t h e  gradient  i n  the mass a t t r a c t i o n  f i e l d  of 
t h e  s a t e l l i t e ,  w i l l  s y s t e m a t i c a l l y  a c t  i n  t h e  d i r e c t i o n  of t h e  d i s t u r -  
bance. Hence it is not averaged by t h e  sp in  and can have a s i g n i f i c a n t  
e f f e c t  on t h e  o r b i t .  
B .  Previous Resul t s  
I n  1964, Lange E21 s tud ied  the  l i n e a r  c o n t r o l  of t r a n s l a t i o n a l  mo- 
t i o n s  of a sp inning  veh ic l e ,  and he a l s o  s tud ied  the  e x t e r n a l  d i s tu rbance  
f o r c e s  on a sa te l l i t e .  
I n  1970, Powell 111 designed a n  on-off t r a n s l a t i o n a l  c o n t r o l l e r  w i t h  
deadspace f o r  a spinning satell i te.  H e  observed the  t r app ing  phenomenon 
and developed a d i g i t a l  program t o  f i n d  trapped s o l u t i o n s  and determine 
the  t rapping  s u s c e p t i b i l i t y  of a sys t em.  
1 
C .  New Resul ts  
The main purpose of t h i s  thesis is  t o  study t h e  i n t e g r a l  c o n t r o l l e r  
which has been proposed t o  reduce in- t rack  t r a j e c t o r y  e r r o r s  caused by 
mass a t t r a c t i o n  f o r c e .  
To  t h i s  end ,  t he  t h e s i s  c o n t r i b u t e s  the  fo l lowing  r e s u l t s  : 
Disturbance f o r c e s  on t h e  s a t e l l i t e  and the i r  r e s u l t i n g  mass 
a t t r a c t  ion f o r c e s  on t h e  proof mass were c a l c u l a t e d .  
The i n t e g r a l  c o n t r o l l e r  ( l i n e a r  and w i t h  deadspace) s t a b i l i t y  
was analyzed through the  use of frequency symmetry ,  r oo t  locus 
method. 
The use of the  i n t e g r a l  c o n t r o l l e r  was shown t o  reduce in- t rack 
t r a j e c t o r y  e r r o r  caused by mass a t t r a c t i o n  from 150 km t o  7 2  m 
( a f t e r  1 y e a r ) .  
L i m i t  cyc l e  behavior of t he  proof m a s s ,  a t  t he  f requencies  de- 
termined by p r a c t i c a l  impulse s i z e s  (5 X 
mm/sec), was shown t o  cause no s i g n i f i c a n t  in - t rack  t r a j e c t o r y  
error due t o  mass a t t r a c t i o n .  
> AV > 5 X lom4 
Trapping s u s c e p t i b i l i t y  ( t rapping  is  a s t a b l e  equi l ibr ium posi-  
t i on  of t he  proof mass which r e q u i r e s  cons tan t  f u e l  expendi ture  1 
was shown t o  be almost cons tan t  f o r  
Kp/$ which w i l l  be used i n  p r a c t i c e .  For K /W2 < 1, i t  was 
shown t h a t  t h i s  s u s c e p t i b i l i t y  reduces very r a p i d l y .  
Kp/$ > 1, t h e  range of 
p .  s 
2 
Chapter I 1  
DESCRIPTION OF SATELLITE WITH LINEAR NON-INTEGRAL CONTROL 
The bas ic  drag-f r ee  satel l i te  s t r u c t u r e  i s  desc r ibed .  Equations 
of motion f o r  t he  spinning satel l i te  i s  given, and a l i n e a r  non-integral  
c o n t r o l l e r  i s  desc r ibed .  
A .  S a t e l l i t e  Descr ipt ion 
The drag-free s a t e l l i t e  (Fig. 1) c o n s i s t s  of a proof mass enclosed 
i n  t h e  sea led  c a v i t y  of a spinning sa te l l i t e .  The sa te l l i t e  has c o n t r o l  
j e t s  which keep t h e  proof mass away from t h e  c a v i t y  w a l l .  The proof mass 
i s  theref  ore  f r e e  from the ex te rna l  d i s t u r b i n g  f o r c e s  such as atmospheric 
drag ,  s o l a r  r ad ia t ion ,  e t c . ,  and the  l a r g e s t  f o r c e  t h a t  pe r tu rbs  t h e  proof 
mass from a purely p lane tary  g r a v i t a t i o n a l  o r b i t  i s  mass a t t r a c t i o n  between 








F i g .  1. DRAG-FREE SATELLITE SCHEMATIC. 
3 
The s a t e l l i t e  con ta ins  a sensor  ( capac i t i ve  or o p t i c a l )  which 
measures the  proof mass pos i t i on  r e l a t i v e  t o  t h e  s a t e l l i t e .  Using 
t h i s  information, t h e  r e l a t i v e  proof mass v e l o c i t y  i s  est imated 
( t h i s  is  discussed i n  d e t a i l  by Powell C11). The pos i t i on  and ve- 
l o c i t y  information a r e  then  fed i n t o  t h e  c o n t r o l l e r  t o  genera te  a 
command f o r  a c o n t r o l  f o r c e .  
B.  Equations of Motion 
Assume t h a t  the  s a t e l l i t e  center-of-mass pos i t i on  i s  cons tan t  
A 
and t h a t  ws = 0. 
a l l  fo rces  on the  proof mass (mass a t t r a c t i o n  f o r c e  on t h e  proof mass 
w i l l  be s tud ied  a s  a co r rec t ion  t o  these equa t ions ) .  With t hese  as- 
sumptions, t he  equat ions of motion are given by Powell i n  Reference 1 
Neglect g r a v i t a t i o n a l  f o r c e s  on the  sa te l l i t e  and 
where 
pb = d i s t u r b i n g  f o r c e s  f ixed  t o  the  r o t a t i n g  s a t e l l i t e  
F” = c o n t r o l  f o r c e  on t h e  s a t e l l i t e  
C 
?i = a l l  o the r  nongravi ta t iona l  pe r tu rb ing  f o r c e s  on the  s a t e l l i t e  
2 = s a t e l l i t e  sp in  r a t e  
S 
m = mass of s a t e l l i t e  
S 
- + +  are as def ined i n  F ig .  1. ‘b’ re 
With t he  choice of re ference  frame a s  shown i n  F i g .  1, the  equat ions of 
motion becomes , 
4 
2 + f  + f  - w x  
.. 2 
b - s b  - 2wsyb = i x  bX cx s e  (2 .2a )  
(2.2b) .. 2 2 'b s b  s b i y  by c y -  wsye - ( * I y  + 2 u i  = f  + f  + f  
.. z -  + f  + f  (2 .2c)  
b - f i z  bz cz 
2 The z-ax is  l / ( s  ) p l a n t ,  uncoupled from t h e  o the r  two equa t ions ,  
is w e l l  understood and w i l l  hencefor th  be d is regarded .  
C. Linear Non-Integral Control 
The l inear  c o n t r o l  l a w  used by Powell c11 is ,  
f = -K [x + y(G - W  y ) ]  P b  b s b  cx 
f = -K [y + ~ ( y  +W x ) I  
CY P b  b s b  




K 2 p o s i t i o n  g a i n  ( l / s ec  ) 
P 
A v e l o c i t y  gain 
p o s i t i o n  g a i n  ( sec  1 Y =  
S u b s t i t u t i n g  t h e  c o n t r o l  fo rces  i n t o  Eqs. (2.2a) and (2.2b) g i v e s ,  
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Chapter 1 1 1  
DISTURBING FORCES 
The only s i g n i f i c a n t  d i s tu rb ing  fo rce  on t h e  proof mass, mass a t t r a c -  
t i o n  f o r c e ,  i s  given i n  a Taylor s e r i e s  expansion. Disturbance fo rces  
a c t i n g  on t h e  s a t e l l i t e  which a r e  constant  i n  t h e  s a t e l l i t e  f ixed r e f e r -  
ence frame are shown t o  cause no non-zero average mass a t t r a c t i o n  fo rce .  
An order of magnitude is calculated f o r  t he  l a r g e s t  d i s t u r b i n g  fo rce  on 
t h e  s a t e l l i t e  which does cause a non-zero average mass a t t r a c t i o n  fo rce .  
A .  Mass A t t r a c t i o n  Force o n  the  Proof Mass 
1. Mass A t t r a c t i o n  Force Model 
In  t h e  r e fe rence  frame f ixed t o  t h e  s a t e l l i t e  (Fig.  1 1 ,  t h e  
s p e c i f i c  f o r c e  on t h e  proof mass caused by mass a t t r a c t i o n  of t h e  s a t e l -  
l i t e  can be represented by  a Taylor s e r i e s  expanded about t h e  o r i g i n ,  
ex 2 
X b + T Y b f Z T  b 
a2 f 
X 
ex 1 a f  ex af 
f ex = f  ex 0 
3 
ex 2 1 a fex 3 3 a3f x y  + - -  1 a fex 2 1 2 b b  6 3 'b "bYb + 6 axay ax2ay a Y  
+ -  
+ ... ( 3 . l a )  
a f  a f  a2f 2 
f = f  + 3 X b + 3  y b + 2  L+f x + ... (3 . lb)  
e Y  eYo ax 
where f , f , afex/dx, . . . a r e  a l l  evaluated a t  t h e  o r i g i n .  
0 eyO ex 
7 
For error a n a l y s i s ,  Powell 111 showed t h a t  s ign i f icant  t ra jec-  
N 
f eh  t o r y  error is caused only by a non-zero average in-track force*, 
( i n - t r a c k  d i r e c t i o n  is  d e f i n e d  i n  F ig .  2 . ) ,  
= c f  - s f  




c = cos 
s = s i n  (w t )  h 
w = w - - w  
h s o  
-3 









WITH ORBIT. AT 
ANGULAR RATE wo 
, 
IN -TRACK     I
\ 
Fig. 2. ORBITAL REFERENCE FRAME. 
Combining Eqs. ( 3 . l a , b )  and Eq. (3.2b),  w e  see t h a t  f and 
are modulated by cos (wht) and s i n  (w t )  r e s p e c t i v e l y .  W W i l l  
d o  not cont r ib-  
h h f eYO 
be chosen such t h a t  2n/wh << 1 day ,  so fe, and feyo 
U t e  t o  
N 0 
*eh 
. Due t o  t h e  i n a b i l i t y  t o  p r e c i s e l y  locate each mass element,  
t h e r e  w i l l  be non-zero g r a d i e n t s ,  
-~ 
)c 
This  conclusion is  a r r i v e d  a t  by a frequency domain a n a l y s i s  Of  t h e  
in- t rack  t r a j e c t o r y  error equat ion ,  Eq. ( 5 .2 ) .  
8 
where 
and Fleming 131 has  shown t h a t  
ex,Y 
anf  n+l  a f e x , y  - 1 
axn+l  
- -  
axn - 1 0  
2. Mass A t t r a c t i o n  Force Due t o  Body-Fixed Disturbance Forces 
on,  or Center of Mass Offset  of t h e  S a t e l l i t e  
A fo rce  on the  s a t e l l i t e  which is  cons tan t  i n  the  s a t e l l i t e  
f i xed  r e fe rence  frame (Fig. 1)' r e s u l t s  i n  constant  "s teady-s ta te"  e r r o r s  
i n  x and yb (Fig. 3 ) .  T h i s  force  can be due e i t h e r  t o  an e x t e r n a l l y  b 
appl ied  f o r c e  or  a cen te r  of mass o f f s e t  (non-zero x and/or Y e ) .  e 
= 0 i n  Eq. (2 .4 ) ,  w e  ge t  t h e  " s t e a d y  
b 
S e t t i n g  xb = yb = ub = v 
ybsS ' 
and 
bs s state" e r r o r s  x 
o r  
2 
S P  yWsKp 
I*) -K 
-1 
[( w K  ;- p)2 + r 2 w 3  
2 
s e fbx [ W z y e - f b ]  





t ( s e d  
Fig. 3. ANALOG SIMULATION OF EQ. ( 2 . 4 )  TO SHOW EFFECT OF 
BODY-FIXED FORCES. 
w i t h  
f = f  = o  
ix iY 
-2 2 
= f = 10 mm/sec 
fbx by 
x = Ye = o  
e 
-2 2 K = 10 l/sec 
P 
w =0.1 rad/sec 
S 
y = 100 sec 
10 
[ = [a::] mm 
ss 
With cons t an t  x and , E q .  (3.2b) becomes 
bs s ybs s 
= c x constant - s x cons tan t  eh 
and E q .  (3.2a) becomes, 




t N feh = & {s x constant + c x cons tan t  S 
( 3 . 4 )  
( 3 . 5 )  
- 
0. Therefore,  s a t e l l i t e  f ixed  f o r c e s  and cen te r  
eh wi th  T = 1 d a y  
of mass o f f s e t s  w i l l  no t  c o n t r i b u t e  long  t e r m  i n - t r ack  t r a j e c t o r y  e r r o r s .  
3. Mass A t t r a c t i o n  Force Due t o  Other Disturbance 
Forces on t h e  S a t e l l i t e  
Lange c21 showed t h a t  t he  on ly  s i g n i f i c a n t  pe r tu rb ing  f o r c e ,  
which i s  not  cons tan t  i n  t h e  s a t e l l i t e  f ixed  frame, is cons tan t  atmospheric 
drag .  
Atmospheric drag  i s  cons tan t  i n  t h e  o r b i t a l  r e f e r e n c e  frame 
(Fig .  2 ) ,  and t h i s  sugges ts  s inuso ida l  " s t eady- s t a t e "  e r r o r s  i n  x and 
yb (Fig. 4 ) .  Since 
b 
1 Fil 
- -   cos  (WSt> 
m 
s 







n 0 -  
X 
- 
N - - t  
I I I 
20 0 4 00 
t (sec)  
Fig .  4 .  ANALOG SIMULATION OF EQ. (2.4) TO SHOW SYNCHRONOUS 
EFFECT OF ATMOSPHERIC DRAG I N  BODY AXES, WITH 
-3 2 
f = -10 s i n  (w  t) mm/sec 
i Y  S 
= f  = o  
fbx by 
x = Ye = o  
e 
-3 2 
K = 10 l /sec 
P 
w =0.1 r ad / sec  
S 
y = 100 s e c  
where 1 F. I = magnitude of t h e  d i s tu rbance  fo rce .  W e  ge t  from Eq. ( 2 . 4 ) ,  
1 
i x  
P 
I Fil f 
- - cos (us t )  = -
K X m K  
bss S P  
12 
(3.7a) 
lFil f .  
bss S P  P 
- -   s i n  (W t )  = 3 
m K  S K X 
Combining Eqs. (3 .7a ,b)  and FKI. (3 .2b) ,  
= cf  - s f  + -  
m K  
eyO S P  
ex 
0 eh 
2 t f e x )  2 r f e y ) ]  + t e r m s  conta in ing  (s  i j  c ) + =  ax + s  ax 
where i + j > 2 , 




- -   lsf + cf + - 
2m K 
0 eYO S P  
ex feh  T 
S 
05t)(% - + t e r m s  conta in ing  + (; c s  + . 
dY 
t=T  +T 
0 
i j  
(s  c ) where i + j > 1 
0 
I t = T  
# 0 f o r  T > 1 d a y .  (3.9 ) - eh 
Therefore ,  atmospheric drag  w i l l  cause long t e r m  in - t rack  t r a j e c t o r y  
e r r o r .  
B. Atmospheric Drag Force o n  t h e  S a t e l l i t e  
In  order  t o  s tudy  t h e  cont ro l  t o  reduce t r a j e c t o r y  e r r o r s ,  w e  need 
t o  know the  magnitude of t h e  atmospheric drag.  
13 
where 
p = atmospheric d e n s i t y  
v = o r b i t  speed 
c = drag  c o e f f i c i e n t  




Considering a t y p i c a l  s a t e l l i t e  wi th ,  
c = 2  D 
5 2  A = 3 ~ 1 0  mms 
% =  90 kg 
H = 400 km 
p = 6.5 X 1 0  -18 gm/xm3 
and 
where 
3 2 p = GM = 3.98 X loz3  mm /sec 
9 RE = r a d i u s  of e a r t h  = 6 .38  x 1 0  mm 
2 
F 
f - - =   Drag 1.24 X mm/sec 
Drag m 
S 
C .  Conclusion 
(3.10) 
Because of i n a b i l i t y  t o  p inpoin t  every  mass element of t h e  s a t e l l i t e ,  
t h e r e  w i l l  be mass a t t r a c t i o n  f o r c e  g r a d i e n t s .  These g r a d i e n t s ,  combined 
14 
-3  
w i t h  a constant  atmospheric drag  f o r c e  of 10 
r e s u l t  i n  long term in- t rack  t r a j e c t o r y  e r r o r s  of 150 km per year .  




INTEGRAL CONTROLLER WITH SQUARE DEADSPACE 
I n t e g r a l  c o n t r o l l e r  w i t h  square deadspace is  descr ibed .  I t  is ana- 
lyzed both by use of t h e  roo t  locus method and computer s imula t ions .  
Since i n  a c t u a l  des ign ,  t h e  s a t e l l i t e  w i l l  have both an on-off c o n t r o l l e r  
and on octagonal  o r  c i r c u l a r  deadspace, both t h e s e  f e a t u r e s  are added o n  
and simulated on computer. This  is  t o  show t h a t  t h e  b a s i c  a n a l y s i s  done 
on the  s impler  square deadspace system is  s t i l l  v a l i d .  
A .  Descr ip t ion  of I n t e g r a l  Control w i t h  Square Deadspace 
Powell [11 suggested a n  i n t e g r a l  c o n t r o l l e r  t o  reduce t h e  t r a j e c -  
t o r y  e r r o r  caused by mass a t t r a c t i o n .  A square deadspace is incorporated 
i n  t h e  c o n t r o l l e r  t o  reduce s e n s i t i v i t y  t o  c h a t t e r  about t h e  sensor  n u l l  
po in t  and t o  noise  when an on-off c o n t r o l l e r  is used. 
1. Control  Equations 
I n  order  t o  reduce e r r o r s  caused by mass a t t r a c t i o n  f o r c e ,  w e  
must l i m i t  t h e  i n t e g r a l  given b y  Eq. (3 .2a) .  
W e  can do t h i s  by in t roducing  a con t ro l  cen te r  b i a s ,  
where 
and 
[I;! = lt rbi] d t  
’b i 
(4 .2 )  
phi] 'b  = [ -I] [:I
K 5 i n t e g r a l  c o n t r o l  ga in  
C 
The con t ro l  l a w  then  becomes, 
2 .  Square Deadspace 
The i n t e g r a l  c o n t r o l  l a w  wi th  square  deadspace becomes, 
f = - K e  
cx P X  
(4.3a: 
(4.3b) 
(4 .3c)  
(4.4a) 
f = - K e  (4.4b) 
C Y  P Y  
where e'  e '  are related t o  e , e by t h e  r e l a t i o n s h i p  shown i n  F ig .  
5 ,  and 




B. Ef fec t  of I n t e g r a l  Control 
To analyze t h e  i n t e g r a l  c o n t r o l l e r ,  bo th  t h e  r o o t  locus  method and 
computer s imula t ions  were used. 
18 
1 
Fig .  5. DEADBAND DEFINITION FOR EACH AXIS FOR SQUARE 
DEADSPACE. 
1. Root Locus Analysis  
From Chapter IV-A-1 ,  
x = -K [cI + S I  1 
U c hc  v c  
t 
[sxb+cy 1 d t  = -K C I C  [cxb-sy b 1 d t  + S b (4.6a) 
(4.6b) 
t 
[sxb+cy 1 d t  = -K C {-s [cxb-sybl d t  + c b 
The c h a r a c t e r i s t i c  equation is  obtained by t h e  frequency 
symmetry method. S u b s t i t u t e  Eqs. (4 .6a ,b )  i n t o  Eqs. (4.5a,b) respec- 
t i v e l y  , 
19 
f t e x b  = x + K c  {C Ccxb-sy b I d t  + s [sxb+cy b 1 d t  
Isxb+cy 1 d t  
b 





S u b s t i t u t e  Eqs. (4 .7a ,b )  i n t o  E q s .  (2.2a,b) r e s p e c t i v e l y ,  wi th  
by = x  e = ' e = ' ,  
.. 2 
X - Ld X - 2Wsyb = f - K e (4.8a)  
b s b  i x  P X  
.. 2 
Yb - WsYb + 2W 2 = f - K e (4.8b) 
s b  i Y  P Y  
Linear c o n t r o l  w i t h  no deadspace is  used here  to make i t  pos- 
s i b l e  t o  d r a w  a root locus  p l o t .  In t h e  next sect ion,  it w i l l  be shown 
t h a t  t h e s e  results, obtained without  a deadspace,  are e q u a l l y  v a l i d  f o r  
c o n t r o l  with deadspace. 
Add j t i m e s  E q .  (4.8b) t o  E q .  (4.8a) (j = f i ) ,  
ju,) + 2jwS(kb + jJib) 
= (fix + j f i y )  - K (xb + jy,) - K K [ C  it [cxb-sybl d t  
P P C  
[ S X  + CYb] d t  y[(G,+j?,) + j o  (x + j y  ) ]  "6 b s b  b 
(4.9) 
20 
n L e t  z = xb + j y ,  i n  Eq. 
+.I 
(4.7) 
- K K [ c  [ (c + j s )  z d t  
P C  
t 
I 
Using t h e  t r i g o m e t r i c  i d e n t i t i e s ,  
and 
j w  t - j w h t  
- e  1 h 
Eq. (4.10) becomes, 
E + (2jws + k y)i - (w: - K - j w ~ y ) z  
P P S P  
- j w  t t j w  t 
+ K K  (e e z d t l  = O  
P C  
Taking t h e  Laplace t ransform of  Eq. (4.11) and not ing  t h a t ,  
(4 .10)  
(4.11) 
1 - _  - S z t s - j ~  h ) 
and 
21 
w e  g e t ,  
KpKc 1 z(s) = 0 (4.12) 
+ (2jws+K P 7 ) s  - ( P S P  S + j w h  
Wri t ing  the  c h a r a c t e r i s t i c  equat ion  i n  Evans r o o t  l ocus  form, 
K K  
C P  (4.13) 
+ (2jWs+K 7 ) s  - 
P S P  
The po le  l o c a t i o n s ,  are 
S = - j w  (4.14b) 
3 h 
Note t h a t  po les  S i n  Fig.  6 are po le s  of t h e  o r i g i n a l  s y s t e m  without 
i n t e g r a l  c o n t r o l ,  and pole S 3  i s  t h e  i n t e g r a l  c o n t r o l l e r  po le .  
192 
In  gene ra l ,  a roo t  l ocus  p l o t  f o r  t h e  i n t e g r a l  c o n t r o l l e r  can 
be  obtained from t h e  r o o t  l ocus  p l o t  of t h e  o r i g i n a l  non- in tegra l  con- 
t r o l  system (Fig. 7 ) .  The c h a r a c t e r i s t i c  equa t ion  f o r  t h e  non- in tegra l  
s y s t e m  i n  Evans  r o o t  locus  form is ,  
= -1 S 
2 s' + 2jS '  - 1 
(4.15) 
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Fig. 6a. RO(JT LOCUS PLOT VS Kc WITH 
w = 0.1 rad/sec 
s 
y = 20 sec 
P 
2 K = 10-2 l/sec 
w S  = 0. I rod 1 sec 
y = 20 sec 
K,,=o.I I / sec2  




-1.5 - I .o -0.5 
U 
fo.5 
- K ,  2.15 
- K c =  1.66 
Fig. 6b. ROOT LOCUS VS Kc* 
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< =0.7 \ 
I I I \ 
-0.3 - 0.2 -0. I 
0- 
a. Root locus  vs K (Tus = 2) 
P 
\< -0.7 





j w  
- 0.02 
*0.01 
b.  Root l ocus  v s  Kp (?'us = 10) 
(note change i n  s c a l e )  
Fig. 7. NON-INTEGRAL CONTROLLER ROOT LOCUS PLOTS V S  K a P 
24 
To d raw t h e  roo t  l ocus  p l o t  f o r  an i n t e g r a l  c o n t r o l l e r  system: 
a.  Choose a va lue  of YWs * 
b. Pick a va lue  o f  Kp from t h e  non- in tegra l  c o n t r o l l e r  
p l o t s  such as g iven  i n  Fig. 7 .  There  w i l l  be two poles  
a s soc ia t ed  w i t h  t h i s  K . 
P 
The two po le s  found i n  (b) are t h e  same as poles  
f o r  t h e  i n t e g r a l  c o n t r o l l e r  system. 
c .  S1,2 
'3 = -Jwh' d .  Po le  
2. Computer Simulation o f  I n t e g r a l  C o n t r o l l e r  
r e q u i r e s  f i r s t  choosing 
KC 
To choose a range o f  acceptab le  
K and yW,. K is  lower bounded by t h e  f a c t  t h a t  i t  must be l a r g e  
enough t o  move t h e  proof mass away from t h e  c a v i t y  w a l l  i f  i t  w e r e  pushed 
a g a i n s t  t h e  w a l l  a t  sp ino f f  from t h e  boos te r .  T h i s  r e s u l t s  i n  a cr i te-  
r i o n ,  
P P 
2 
-f Z K r  > u r  
c P C  s c  
o r  
2 




yws is lower bounded (yws 2 1) , by two cons ide ra t ions .  One, 
where r = r a d i u s  of t h e  satell i te c a v i t y .  
C 
i t  must be h igh  enough t o  provide s u f f i c i e n t  damping. Two, i t  must be 
high enough t o  avoid being i n  t h e  range of high s u s c e p t i b i l i t y  t o  " t r ap -  
ping",  a f u e l  was t ing  l i m i t  cycle (see Chapter V I ) .  
yWs is upper bounded (yw,  5 3)  by s t a b i l i t y  cons ide ra t ions .  
As 
c o n t r o l l e r  r o o t  l o c u s  i s  pushed more i n t o  t h e  r i g h t  h a l f  plane.  The re -  
f o r e ,  t he  range  of s t a b l e  
YWS 
becomes l a r g e r ,  w e  see from Figs.  6 and 7 t h a t  t h e  i n t e g r a l  
w i l l  be decreased .  
Following t h e  above gu ide l ines ,  a t y p i c a l  set  of parameters 
KC 
would be ,  
w = 0.1 rad/sec 
S 
25 
r = 3 m m  
C 
y = 20 s e c  
2 K = 0.1 l/sec 
r = 0 .1  mm 
P 
d 
F igures  8 and 9 show t h e  r e s u l t  of computer s imula t ions  of t h e  i n t e g r a l  
c o n t r o l l e r  w i t h  square deadspace [Eqs. (4 .4a ,b )  , ( 4 . 5 a , b ) ,  and (4 .8a ,b)  
were simulated on both analog and d i g i t a l  computers us ing  above va lues] .  
The computer s imula t ions  were done wi th  a square deadspace con- 
t r o l l e r ,  while t he  roo t  locus  a n a l y s i s  w a s  done without a square dead- 
space. The r e s u l t s  show t h a t  s y s t e m  behavior of t h e  square deadspace 
i n t e g r a l  c o n t r o l l e r  can be predic ted  by t h e  roo t  locus  p l o t  of a con- 
t r o l l e r  without a deadspace. 
On t h e  b a s i s  of both ana lyses ,  only t h e  fol lowing range of K 
C 
should be considered f o r  t h e  system a s  descr ibed i n  t h i s  chap te r ,  
> Kc > 8 X l / s e c  
C.  On-Off I n t e g r a l  Con t ro l l e r  w i t h  Square Deadspace 
For a c t u a l  a p p l i c a t i o n ,  on-off c o n t r o l  (Fig.  10)  w i l l  be used in-  
* 
stead of l i n e a r  c o n t r o l .  T h i s  s e c t i o n  i s  intended t o  show t h a t  f o r  t h e  
purpose of analyzing t h e  i n t e g r a l  c o n t r o l l e r ,  l i n e a r  con t ro l  is  a very 
good approximation f o r  on-off con t ro l .  
Typical parameters f o r  an on-off c o n t r o l l e r  a r e ,  
a 2 
maximum con t ro l  f o r c e  = f =0.05 mm/sec m 
r = 0.1 mm 
d 
minimum c o n t r o l  impulse 4 AV =0.001 mm/sec 
* 
The reason f o r  t h i s  i s  t h a t  on-off c o n t r o l l e r s  a r e  less prone t o  
control-gas  l eaks  than  l i n e a r  c o n t r o l l e r s .  
26 
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Fig. 8b. PLOT OF xb OR yb V S  t ,  Kc TOO HIGH. Poles o f  
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Fig. 8c.  PLOT OF Xb OR yb VS t. Optimal K C . 
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0 I O 0  
PLOT OF xb i  
200 300 
t ( s a c )  
400 500 
Fig .  9. PLOT OF xbi VS t .  xbi is d r i v e n  t o  z e r o ,  which i m -  
p l i e s  t h a t  t h e r e  is no mass a t t rac t ion  force. 
f m  
'd - L 
f c x  Jcy 
Fig. 10. ON-OFF CONTROLLER WITH SQUARE DEADSPACE. 
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Comparing F igs .  9 and 11, w e  see t h a t  on-off c o n t r o l  behaves essen- 
a r e  not d r i v e n  b i '  'bi t i a l l y  as l i n e a r  c o n t r o l  does ;  except t h a t  x 
e x a c t l y  t o  ze ro .  This  i s  expected, s i n c e  t h e  c o n t r o l  f o r c e  magnitude 
cannot be decreased ,  as needed when x is  v e r y  c l o s e  t o  z e r o ;  and 
overshoot occures .  This  impl ies  a non-zero average in - t r ack  m a s s  a t t r a c -  
t i o n  fo rce ,  and w i l l  be d iscussed  i n  t h e  next chap te r .  
b i  
F ig .  11. PLOT OF Xbi VS t .  [Equations ( 2 . 2 a , b ) ;  ( 4 . 5 a , b ) ;  
and l o g i c  o f  Fig.  10 were s imula ted . ]  
D.  On-Off Control w i th  Octagonal Deadspace 
For a c t u a l  a p p l i c a t i o n ,  oc tagonal  deadspace (F ig .  1 2 )  w i l l  be more 
l i k e l y  used than  square  deadspace. Th i s  is because w i t h  an  oc tagonal  
deadspace,  t h e r e  is b e t t e r  d i r e c t i o n a l  c o n t r o l  on t h e  c o n t r o l  je ts .  
The following l o g i c  (Fig.  1 3 )  w a s  used i n  t h e  computer s imula t ion ,  
n a = m e '  - e '  
Y X  
IT m = t a n  - 8 
a b = e '  - m e '  
Y X 




d = m e ' +  e '  





+ Y  
0 
Fig. 1 2 .  OCTAGONAL DEADSPACE. 
Switch P o s i t i o n  
sgn(a )  = sgn(d) then  1 
sgn(c )  # sgn(d) 2 
sgn(a )  # sgn(b) 3 
sgn(b)  # sgn(c) 4 
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(b) 
Fig.  13. OCTAGONAL DEADSPACE MECHANIZATION. 
Comparing Figs .  11 and 14, w e  see t h a t  f o r  t h e  purposes of t h e s e  
ana lyses ,  l inear  c o n t r o l  is a l s o  a good approximation of oc tagonal  d e a d -  
space  con t ro l .  The "steady-state" x o s c i l l a t i o n  amplitude is 2/3 
t h a t  f o r  t h e  square  deadspace,  and t h i s  is  expected s i n c e  t h e r e  is  b e t t e r  
d i r e c t i o n a l  c o n t r o l  on t h e  je ts .  
b i  
E. Conclus ions  
The s t a b i l i t y  of t h e  c o n t r o l  system wi th  i n t e g r a l  c o n t r o l  has been 
analyzed. From r o o t  locus  ana lys i s  of t h e  l i n e a r  i n t e g r a l  con t ro l l ed  
32 
t 
t ( sec )  
Using t h e  same parameters as those used i n  the square 
dead  space s imula t ion ,  
f = 0.05 mm/sec 
r = 0.1 mm 
m 
d 
2 nv = 0.001 mm/sec 
Fig.  14.  PLOT OF Xbi V S  t .  Computer s imula t ion  of 
system w i t h  octagonal  deadspace c o n t r o l l e r .  
(2 .2a,b)  and l o g i c  of Fig.  13 were s imula ted . ]  
[Eqs. 
system without deadspace,  coupled wi th  knowledge of t h e  b a s i c  non-integ- 
ra l  con t ro l l ed  s y s t e m ,  we can pick a range of acceptab le  K ' s  f o r  an 
on-off deadspace c o n t r o l l e r .  For t y p i c a l  system parameters, t h e  e f f e c t  
o f  vary ing  Kc a r e ,  
C 
( a )  Very high Kc (Kc ,> 5 )  - uns tab le .  
(b)  High Kc (4 > N Kc > N - poor performance because 
o r i g i n a l  c o n t r o l  poles are d i s t u r b e d .  
> K > 8 X - C N  ( c )  Optimal Kc 
( d )  Low Kc (8 X - > K c )  - inadequate damping. 
The  e f f e c t i v e n e s s  of t h i s  c o n t r o l  l a w  is discussed i n  t h e  next 




TRAJECTORY ERRORS WITH INTEGRAL CONTROL 
The i n t e g r a l ,  on-off ,  deadspace c o n t r o l l e r  reduces but does not 
e l imina te  average mass a t t r a c t i o n  f o r c e  caused by a constant  atmospheric 
drag.  Mass a t t r a c t i o n  fo rce  can a l s o  be a r e s u l t  of t h e  proof mass being 
i n  a l i m i t  c y c l e  a t  c e r t a i n  s p e c i f i c  f r equenc ie s ,  o r  of an inaccura t e ly  
mechanized s p i n  r a t e .  These th ree  e r r o r  sources  a r e  desc r ibed ,  and or -  
ders of magnitude f o r  t h e  e r r o r s  ca l cu la t ed .  
A.  In-Track Tra j ec to ry  Error Equations 
Equation (3.2b) combined w i t h  Eq. ( 3 . l a , b )  can be r e w r i t t e n  a s ,  
- s f  + cx + AC(C2Xbi 
b i  feh = cf ex "Yo 0 
+ S2Ybi)  
an(  ) c i s j x k  y~ 
+ Cr(c2ybi - s x t b i  b i  2 b i  with -axn 
where n > 1, i + j > 2 ,  k + l. > 1) 
where 
(5.1) 
c 4 cos ( 2 w  t )  2 h 
Lange c21 showed t h a t  in- t rack f o r c e s  f (t) cause in- t rack  eh 
t r a j e c t o r y  e r r o r s  h ( t )  according t o  t h e  Euler-Hil l  equa t ion ,  
35 
2 
4 0 2  2 0 eh 
2 3w f feh  
4 2 
- - - -  - d h + w 2 d h   
d t  d t  d t  
where 
-3  w o r b i t a l  r a t e  = 1 0  rad /sec  
0 
t h e  so lu t ion  to  E q .  ( 5 . 2 )  i s ,  
f e h ,  




( 5 . 2 )  
( 5 . 3 )  
where h(0)  = 0 h ( 0 )  = 0. 
B .  I n t e g r a l  Con t ro l l e r  Error 
As w a s  shown i n  Chapter IV-C & D ,  t h e  i n t e g r a l  c o n t r o l l e r  w i t h  
t o  a "s teady-state ' '  va lue  of zero .  
M 
b i '  'bi 
deadspace does not d r i v e  x 
From E q .  ( 5 . 1 1 ,  t h i s  implies  a possible  non-zero feh (Fig.  1 5 ) .  
From Fig.  1 6 ,  an ? can be approximated by t ak ing  a time-weighted 
e h  
average s l o p e  of feh ,  beginning from t = 750 sec .  
N 1 -14 
= - x 1 0  g 
feh  2 
From Eq.  ( 5 . 3 1 ,  
-10 2 
h ( t )  = 2 x 10-4Cl - cos ( . 001  t ) l  - 0 .75  x 1 0  t 
For long term e f f e c t ,  t h e  f i r s t  term can be neglected.  The in - t r ack  
t r a j e c t o r y  e r r o r  a f t e r  one year i s ,  
h = 7 2 m  
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0 500 I O 0 0  I500 
t ( s e c )  
Fig. 15. PLW OF /Ot feh  d t  V S  t .  Computer s imula t ion  of sys- 
t e m  wi th  on-off octagonal  c o n t r o l ,  and s imula t ion  of feh  and 
/f&. 
The fol lowing parameters were used,  
CEqs. (2 .2a ,b ) ,  (5.1) and l o g i c  of Fig.  13 were s imula ted . ]  
w = 0.1 rad/sec 
S 
y = 20 s e c  
d V  = 0.001 mm/sec 
2 
f = 0.01 mm/sec 
r = 0 .1  mm 
m 
d 
= 0.004 l / s e c  
Kc 
-3 2 
f .  = 10 mm/sec 
1 
This  is  four  o rde r s  of magnitude smaller  than  t h e  in - t r ack  t r a j e c -  
t o r y  e r r o r  without  i n t e g r a l  con t ro l ,  which w a s  ca lcu la ted  by Powell [11 
to  be,  
h = 150 km 
t ( s e c  1 
Fig .  16. ENLARGEMENT OF PORTION OF Fig.  15.  
C .  Error Due t o  L i m i t  Cycling o f  t h e  Proof Mass 
From Eq. ( 5 . 1 1 ,  w e  see t h a t  i f  x ( t ) ,  y ( t )  were s i n u s o i d a l  
w i l l  be non- 
b i  b i  
w i t h  certain f r equenc ie s  (e .g . ,  frequency = 2w h ) ,  
zero .  
is  shown on t h e  fo l lowing  page i n  Fig.  17.  
eh 
Typical l i m i t  c y c l e s  wi th  l i t t l e  o r  no e x t e r n a l  d i s tu rbance  f o r c e  
x ( t )  and y b i ( t )  can be  expanded i n  Four ie r  series, 







where 2fl T = -  
w l c  
rlc = 2rd 
vs t .  
'bi 
and 
b i  Fig.  17.  TYPICAL LIMIT CYCLES. P l o t s  of x 
S u b s t i t u t i n g  E q s .  (5 .4a,b)  i n t o  Eq.  ( 5 . 1 ) ,  
1 
+ .  . . 
39 
(5 .5)  
Since t h e  only  s i g n i f i c a n t  i n - t r ack  e r r o r  i s  caused b y  a non-zero 
is s i g n i f i c a n t  on ly  when x 
N N 
a r e  o s c i l -  b i ’  ’bi eh  
feh ,  we note  t h a t  
l a t i n g  a t  c e r t a i n  f r equenc ie s .  
N 
feh = ACa 
j 
2 
a 1 a ‘ex u = - -  
f eh  32 ax2 j 
ex a2f a 3 
N -- - 
*eh 32 ax2 j 
i f  
i f  
i f  
The  l a r g e s t  of these e r r o r s  occur when 
t o  see w h a t  t h e  e r r o r  is when 
= 2w 
J h 
3 = - w  
J w l c  2 h 
1 
= - i d  
Jwlc  2 h 
j w l c  = 2w + E h 
assuming E << oh. 
Equation (5.5 becomes, 
= 2w . I t  is of i n t e r e s t  
j W l C  h 
(5.7) 
feh = a.C& cos (ct) + cr s i n  ( & ) I  
J 
+ s i n u s o i d a l  terms wi th  f requencies  >> wo ( 5 . 8 )  
The terms w i t h  f requencies  much higher  t han  w do not c o n t r i b u t e  s i g n i -  
f i c a n t  in - t rack  t r a j e c t o r y  e r r o r s .  Therefore ,  Eq. ( 5 . 8 )  can  be r e w r i t t e n  
a s ,  
0 
feh K [cos ( c t )  + s i n  ( ~ t ) ]  j (5.9) 
4 0  
where 
-10 *m = c = 10 g/mm 
r 
S u b s t i t u t i n g  t h i s  i n  E q .  ( 5 . 2 1 ,  
( 5 . 1 0 )  2 
4 
(E + 3wt) [cos ( E t )  + s i n  (411 d h 2 d2h 
d t  d t  
- + W  - = - K  
4 0 2  j 
Solving t h i s  wi th  i n i t i a l  condi t ions h ( 0 )  = 0,  h ' ( 0 )  = 0, h " ( 0 )  = 0, 
h f v f ( 0 )  = 0,  we g e t ,  
For E << w ( t h i s  assumption w i l l  be shown t o  be v a l i d ) ,  
0 
Expanding cos ( E t )  and s i n  ( E t )  i n  Taylor series, 
(5 .12 )  
2 4  3 5  
K . t  2 - 3K [& - €2 - - E + ...I h ( t )  = - - ( 5 . 1 3 )  2 J  .i 43 51 
* 
Since E can be e i t h e r  pos i t i ve  o r  nega t ive ,  t h e  s i g n  of Cr and 
Ai2 i n  Eq. ( 5 . 9 )  does not mat ter .  
41 
I f  
(5.14) 
Rewriting E q .  (5.13),  
1 2 2  1 3 3  1 4 4  
E t  + -  E t  E t  - -  60 
1 
2 12 360 
= 1  +:Et - -  h ( t )  
- -  K . t  
2 J  
7 7  
E t + h . 0 . t .  1 6 6  1 181 , 440 E t  - - 
1 5 5  + -  2520 E 20,160 
(5.15) 
P l o t t i n g  E q .  (5.15) f o r  I dl _< 3 ,  t h e  h igher  o rde r  terms can be neglec- 
t e d .  From Fig.  (18 ) ,  w e  see t h a t ,  
= 1.27 a t  E t  x 1.6 r a d  (- ;(:;t$max (5.16) 
3.0f 2 
2.25-- 
I I I - 
-2 - I  I 2 3 €1 
I I I I I 
- 2  -IO-’ IO-’ 2 x 3 x IO-’ rad/sec 
( t  = 107sec) 
Fig. 18. PLOT OF [h( t ) / ( -3 /2  Kjt2)] VS E t ;  A N D  h V S  E 
3wlc = 2~ h + E ) .  FOR t = 107(= 4 MONTHS)(ASSUMING THAT 
42 
7 -7 This  impl ies  t h a t  a f t e r  4 months (10 s e c ) ,  w i t h  E = 1 . 6  X 10 r ad / sec ,  
-6 




K3 = 10 a 
The l i m i t  cyc l e  freqUenCy i s  determined by t h e  fol lowing equat ion 
111, f o r  a given s a t e l l i t e ,  
-3  
Typica l ly ,  5 X 10 -'GV > 5 X mm/sec, corresponding t o  f = 0.05 m 
r) 
mm/secL and 0.1 . ',t > 0.01 msec. These va lues  of  AV g ive  0.05 ,> > 
I C  - 
0.005 r ad / sec ,  and 
I C  1 ,> 0.15 rad/sec i f  0 = 21*, + E 
I C  k 
I F /  ,> 0.05 rad/sec i f  30 = 2 w h  + E 
I C  
/ E  I > 0.05 rad/sec i f  5w = 2W + E 
'u I C  h 
Higher o rde r  t e r m s  can be neglected s i n c e  h i s  propor t iona l  t o  a , 
which is i n v e r s e l y  p ropor t iona l  t o  j . Therefore ,  E can be expected 
t o  be g r e a t e r  t han  1 0  r ad / sec ;  and t h e  behavior of h a t  -7 of t h e  




I t  remains now t o  analyze t h e  behavior of h as E i nc reases .  
Equations (5.12) can be approximated by, 
3K. 
h ( t )  = - A E t i f  c t  >> 1 
43 
(5.17) 
For a given t ,  h decreases as E increases. With t = 4 months (10 7 
-5  sec), and I E  1 = 10 rad /sec ,  
1 i f  3 w  = 2w + E 4 1 hmax I C  h Ihl = 3 X 1 0  mm = 30 m = 2% of 
(Note t h a t  t h e  assumption t h a t  E << w has  now been shown t o  be v a l i d . )  
0 
The f a c t  t h a t  h does not occur p r e c i s e l y  a t  resonance w a s  not max 
expected. Looking back a t  Eq. (5.51, w e  see t h a t  a t  resonance, t h e  non- 
N 2 2  feh are from terms of c s (c2 * cos1(2wh + c ) t l ,  
2 ’  2 
zero c o n t r i b u t i o n s  t o  










19a. PLOT OF f e h ( t )  AT RESONANCE. D o t t e d  l i n e  show average 
cos2 (2Wht 1. 
.- 2 - 
Y 
Fig.  19b. PLOT O F  f e h ( t )  CLOSE TO RESONANCE. Dotted l i n e  show average 
of cos ( 2 w  t )  cos C ( 2 0 h + € ) t l ,  and i s  a s i n e  c u r v e  w i t h  frequency 
E .  
h 
N 
i s  a c o n s t a n t ;  whi le  close t o  resonance, it is  
a s i n e  wave wi th  frequency E. Therefore ,  w i t h  cer ta in  E ’ S ,  in - t rack  
*eh A t  resonance , 
44 
t r a j e c t o r y  e r r o r s  w i l l  a c t u a l l y  be b igger  than  i f  t h e  l i m i t  cyc l e  were 
i n  perfect resonance. 
I n  computer s imula t ions ,  i t  was found t h a t  l i m i t  c y c l e s  w i t h  d 
I C  
g r e a t e r  t h a n  W can not be  s i m u l a t e d .  T h i s  can be explained by t h e  
f a c t  t h a ;  w i t h  W > W h ,  co r r ec t  (on-off)  j e t  alignment t o  pe rpe tua te  
a l i m i t  c y c l e  is impossible.  (See. Fig.  20.) Therefore ,  t h e  l a r g e s t  
e r r o r  would be caused by l i m i t  cycles w i t h  frequency 3 w  = 2 s  + c. 
h 
I C  
I C  
I t  w a s  a l s o  found t h a t  even though l i m i t  c y c l e s  a t  frequency 3 ~ )  = 
2 w  can be s imula ted ,  l i m i t  cycles a t  frequency 3 W l c  = 2 w +  E cannot be 
s u s t a i n e d .  Again t h i s  can be explained by  t h e  f a c t  t h a t  t h e  on-off j e t s  
can  not cont inuous ly  produce pulses  i n  t h e  c o r r e c t  d i r e c t i o n  (Fig.  20). 
I C  
The  conclus ion  i s  t h a t  t h e  worst e r r o r  t h a t  w i l l  occur w i l l  be from 
l i m i t  cycles of frequency w = 2/3 W which  g i v e s  an in - t r ack  trajec- 
t o r y  e r r o r  of  1 .5  k m  i f  a l l o w e d  t o  l i m i t  c y c l e  f o r  4 months. The e r r o r s  
f r o m  l i m i t  cyc l e s  c l o s e  t o  resonance frequency w i l l  not be s i g n i f i c a n t  
s i n c e  on-off c o n t r o l  w i l l  not s u s t a i n  such l i m i t  cyc l e s .  
I C  h ’  
D. Spin R a t e  Er ror  
The i n t e g r a l  c o n t r o l l e r  i s  mechanized by in t roducing  a c o n t r o l  cen- 
as shown i n  Chapter I V - 1 .  T h i s  involves  mechanizing 
x u p  yu - 
ter b i a s  
a s p i n  r a t e  of  w I f  t h i s  mechanized s p i n  ra te ,  w i s  no t  equal  t o  h’ h ’  
w h ,  t h e  c o n t r o l l e r  s enses  a loca l  h o r i z o n t a l  which is r o t a t i n g  w i t h  
r e s p e c t  t o  t he  a c t u a l  l o c a l  ho r i zon ta l .  T h i s  r e s u l t s  i n  t h e  c o n t r o l l e r  
s e n s i n g  any cons tan t  h o r i z o n t a l  displacement (such as t h a t  caused by 
cons tan t  atmospheric d r a g ) ,  as a r o t a t i n g  d i s tu rbance .  




















v c  
where 
- - 
s = s i n  t )  
h 
Using t h e  average va lues  
(5.18b) 
f r o m  Fig. 21 ,  w e  f i nd  t h e  in- t rack  






errors after one year a r e ,  
= 72 m i f  I w - w  I = o  
h h  
/ w  -w 1 = 0.001 
h h  
= 908 m i f  
- 
= 4 . 0 5  km i f  l W h - w h l  = 0.003 
- 
= 5.4 km i f  1wh-UhI = 0.004 
- 
= 9.45  km i f  1 Wh-wh I = 0.006 
E. Conclusions 
An a n a l y s i s  h s been made on three sources  of t r a j e  t r y  errors, 
w i t h  t h e  mechanization of i n t e g r a l  c o n t r o l .  The i n t e g r a l  c o n t r o l l e r  
w i l l  reduce i n - t r a c k  t r a j e c t o r y  errors  caused by mass a t t r a c t i o n  force 
from 150 km t o  72 m, af ter  1 year. 
L i m i t  c y c l e s  w i l l  cause maximum t r a j e c t o r y  error i f  t h e  frequency 
-7 i s  approximately 10 rad/sec away from resonance frequency. This  
h (=1.9 km) i s  from t h e  highest  resonance frequency p o s s i b l e  w i t h  on- 
off  c o n t r o l  (3w = 2Wh). Higher resonance f requencies  are n o t  ob ta in-  
able,  because of t h e  lack of d i r e c t i o n a l  c o n t r o l  on t h e  c o n t r o l  j e t s .  
max 






t ’  0.001 n 0 # . -  A - -  V A A  A A  
1 I I 1 1 I I I P 
500 600 700 800 900 1000 1100 
t (sec 1 
This was mechanized i n  t h e  computer with t h e  fo l lowing 
input values  
dV = 0.001 mm/sec 
f = 0.01 m m / s e c  m 
r = 0 . 1  nun 
d 
y = 20 sec 
K = 0.004 l /sec 
w = 0.1  rad/sec 
w = 0.001 rad/sec 
w = 0.095, 0.099, 0.100, 0 .102 ,  0 .105  rad/sec 








Fig .  21.  feh d t  VS t FOR VARIOUS VALUES OF 
48  
With an I F  I of rad/sec,  / h /  is a l r e a d y  down t o  2% of I hmax 
-4 
For t y p i c a l  con t ro l  impulse sizes (5 X )> 4.V > 5 X 10 m m / s e c ) ,  
( E  1 is g r e a t e r  t han  10 rad/sec.  Therefore ,  e r r o r  caused by  l i m i t  cyc l e  




Chapter V I  
TRAPPING SUSCEPTIBILITY 
The " t rapping" phenomenon is  d e s c r i b e d .  Trapping s u s c e p t i b i l i t y  of 
c i r c u l a r  versus  square deadspace, and t r a p p i n g  s u s c e p t i b i l i t y  versus  
K /W2 are analyzed.  
P S  
A .  Descript ion of Trapping 
Trapping, a phenomenon f i r s t  descr ibed  by Powell [11, occurs  when 
t h e  proof mass i s  i n  a s tab le  equi l ibr ium p o s i t i o n  o u t s i d e  t h e  deadspace.  
This  r e s u l t s  i n  t h e  c o n s t a n t  expendi ture  of f u e l  while l i t t l e  or n o  ex- 
t e r n a l  f o r c e  i s  p r e s e n t .  
This  phenomenon w a s  encountered d u r i n g  t h e  s tudy of l i m i t  c y c l e  er-  
rors, when it w a s  necessary t o  s imulate  l i m i t  c y c l e s  of c e r t a i n  resonant  
f r e q u e n c i e s .  I t  w a s  found t h a t  l i m i t  c y c l e s  wi th  0 = W w e r e  p a r t i c -  
u l a r l y  e a s y  t o  s imula te .  This implied t h a t  t h e  proof mass w a s  prone t o  
be "trapped" in  a f i x e d  p o s i t i o n  i n  t h e  s a t e l l i t e  frame of re ference .  
I C  S 
B. Trapping S u s c e p t i b i l i t y  
Equi l ibr ium p o s i t i o n s  of t he  proof mass can be found by s o l v i n g  t h e  
fo l lowing  equat ions  Cll , 
(6 . l a )  
which are t h e  s teady  s ta te  s o l u t i o n s  t o  Eq. (2.4). These can 
formed i n t o  p o l a r  coord ina tes ,  
(6 . l b )  
be t r a n s -  
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x = r c  b b  
' b Z r s  b 
where 
n s = s i n  8 
Equations (6 . la,  b )  become, 
( 6 . 2 )  
where 
n 6 = yw 
S 
An e x i s t i n g  program [11 which solved Eq. ( 6 . 2 )  and checked t h e  s t a b i l i t y  
of t h e  s o l u t i o n s  w a s  used and t h e  r e s u l t s  shown i n  F i g .  2 2 .  Since 
r * ( c i r c u l a r )  > r*(square) ,  t h e  c i r c u l a r  deadspace is  less s u s c e p t i b l e  
t o  t rapping  than t h e  square  deadspace. 
2 
Kp/Ws < 1 In the i n i t i a l  analog s imula t ions  f o r  t h i s  s tudy ,  a was 
used because of overloading problems on the  computer. I t  was found t h a t  
t h e  s y s t e m  w a s  less prone t o  being t rapped  than when a 
used. An a n a l y s i s  of r* ve r sus  Kp/Ws  was made and t h e  r e s u l t  i s  
shown i n  Fig.  23.  Powell [l] had shown, f o r  K /Us = 15, t h a t  Optimal 
r* occurred a t  
2 




= 1 and yos = 2 . 4  f o r  t h e  c i r c u l a r  and square 
YWS 
deadspaces ,  r e s p e c t i v e l y .  
i n  g e n e r a l .  
I n  s i m u l a t i o n s ,  t h i s  has been shown t o  be t r u e  
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I I I I I - 
0 0.5 I .o 
'e "d 
F i g .  22 .  CONTROL EFFORT VS CENTER OF MASS 
FOR Kp/$ = 10. 
2 
Figure  24 shows t h e  amount of f u e l  wasted ve r sus  K / o s .  
P 
C .  Conclusions 
2 For  K /Us > 1, which w i l l  be r equ i r ed  i n  a real  s y s t e m  [see Eq. 
P 
(4.1611, c i r c u l a r  deadspace i s  less s u s c e p t i b l e  t o  t r app ing  than  square  
deadspace.  Fo r  K /W2 < 1, 1" 
c reased .  However, f o r  K /U > 1, n o  s i g n i f i c a n t  ga in  i n  t r app ing  sus-  
c e p t i b i l i t y  w i l l  be  made by changing 
* 2 rises s i g n i f i c a n t l y  as  K / o s  i s  de- 
P 2 
P S  
P S  
2 











I ( y w s  = I )  
C I RCUL AR DEADS PACE 
SQ. DEADSPACE 
( y w s  = 2.4 1 
 I )  
1- I I 1 I ,  
1 5 IO 15 
2 
P S  F i g .  23. TRAPPING SUSCEPTIBILITY V S  K / W  . 
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I 
G 7 CIRCULAR DEADSPACE 
2 .o 
I .c 
\- SO. DEADSPACE 
( y w , = 2 . 4 )  
I I I 




Fig. 24. (i/rd$)*, A MEASURE OF THE FUEL RATE AT TRAPPED SOLUTION 




C ONC LUS IONS 
The a i m  set  f o r t h  i n  t h e  In t roduc t ion  i s  t o  s tudy  t h e  e f f e c t i v e n e s s  
of i n t e g r a l  c o n t r o l  i n  reducing t r a j e c t o r y  e r r o r s  caused by mass a t t r a c -  , 
t i o n .  The  f i n d i n g s  and recommendations of t h i s  t h e s i s  are:  
Dis turb ing  f o r c e s  on t h e  s a t e l l i t e  which are f ixed  
i n  t h e  s a t e l l i t e  frame o f  r e fe rence  do not cause 
long t e r m  i n - t r ack  t r a j e c t o r y  e r r o r s .  (Chapter 111) 
The only  e x t e r n a l  d i s t u r b i n g  f o r c e  on t h e  s a t e l l i t e  
which w i l l  produce long term in - t r ack  t r a j e c t o r y  
e r r o r  i s  t h e  cons t an t  atmospheric drag .  For t y p i c a l  
sa te l l i t es ,  s p e c i f i c  drag f o r c e  (f ) w i l l  be 
i D  i D  > mm/sec2 (Chapter 111). 
Root locus and computer s imula t ions  of t h e  i n t e g r a l  
c o n t r o l l e r  showed tha t  the  system is uns t ab le  a t  high 
i n t e g r a l  c o n t r o l l e r  g a i n  Kc.  I t  a l s o  showed t h a t  
there i s  a l w a y s  a range  of s tab le  Kc.  (Chapter I V )  
Analys is  of i n t e g r a l  on-off c o n t r o l s  w i t h  deadspace 
have  shown t h a t  t h e y  can be analyzed w i t h  t h e  r o o t  l ocus  
p l o t s  of a l i n e a r  i n t e g r a l  c o n t r o l .  (Chapter I V )  
Taking a l l  f a c t o r s  i n t o  cons ide ra t ion  ( s t a b i l i t y ,  
t r app ing  s u s c e p t i b i l i t y ,  e t c . ) ,  f o r  a sa te l l i t e  w i t h  
deadspace size r d  = 0.1 mm, t h e  fo l lowing  c o n t r o l  
parameter ranges  are recommended: 
yWs > 1, and > Kc > 8- X l/sec. (Chap- 
t e r  I V )  
Kp/$ > 1, 3 > 
In- t rack  t r a j e c t o r y  e r r o r  (after 1 yea r )  due t o  mass 
a t t r a c t i o n  w a s  reduced from 150 km t o  72 m w i t h  t h e  
use  o f  i n t e g r a l  c o n t r o l .  T h i s  assumed an on-off con- 
t r o l l e r  w i t h  maximum fo rce  l e v e l  of 0.01 mm/sec2 and 
s t e p  s izes  of 0.1 sec .  (Chapter V )  
The maximum t r a j e c t o r y  e r r o r  due t o  l i m i t  c y c l e  resonance, 
t h a t  can be expected i n  practice,  i s  1 . 5  km i n  t h e  very  
u n l i k e l y  event t h a t  it i s  allowed t o  l i m i t  cyc l e  a t  fre- 
quency = 2/3 uh 
I n  a t y p i c a l  drag- f ree  s a t e l l i t e ,  5 X > AV > 5 X 
mm/sec. The minimum 1 f o r  s i g n i f i c a n t  l i m i t  
c y c l e  f requencies  is  approximately rad /sec .  How- 
e v e r ,  for I G I  > rad/sec jh l  is a l r eady  less than  
2 percent  of lhlmax, and i t  is i n v e r s e l y  p ropor t iona l  
to  f ( f o r  1 ~ 1  > loe5 rad /sec) .  Therefore ,  t r a j e c t o r y  
f o r  4 months (Chapter V I .  
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errors due t o  l i m i t  c y c l e s  w i l l  be n e g l i g i b l e .  
(P, h = 2 w  + E) (Chapter V I .  
Typica l ly ,  i n - t r a c k  t r a j e c t o r y  error of less than  0.9 km 
a f t e r  1 year w i l l  r e s u l t  from a s p i n  r a t e  mechanization 
error of less than  0.001 rad/sec.  (Chapter V )  
For t h e  recommended range of Kp/U: > 1, no s i g n i f i c a n t  
gain i n  t r a p p i n g  s u s c e p t i b i l i t y  i s  p o s s i b l e  through a 
change i n  K . However, c i r c u l a r  deadspace is s i g n i f i -  
c a n t l y  less g u s c e p t i b l e  t h a n  square  deadspace,  i n  t h e  
range K /W2 > 1. (Chapter ( V I )  
- For K p / W Z  < 1, t r a p p i n g  s u s c e p t i b i l i t y  decreases very  
P S  




COMPUTER PROGRAM SIMULATING SATELLITE SYSTEM WITH ON-OFF, 
INTEGRAL CONTROL WITH OCTAGONAL DEADSPACE 
1. Program s imula t e s  t h e  sa te l l i t e  t r a n s l a t i o n a l  equat ions  of 
motion [Eqs .  ( 2 . 2 a , b ) ] ,  on-off i n t e g r a l  c o n t r o l  wi th  oc tagonal  
deadspace. Program is i n  WATFIV language. 
7 ,  rd’  f ’ f f 9 x 9  f d V ,  
w ’ wo,  W h’  mass a t t r a c t i o n  g r a d i e n t s  and i n i t i a l  
cond i t ions .  
i x  i y ’  fbx’ by e ’e’ m ’  2 .  Input d a t a :  
S 
3. Output Data: xb9  yb, X bi, ybi, f cx9  
0 
4 .  L i s t  of Symbols: 
af 




A(3) = -2 
ax 




A(5) = 7 dx Y 
3 
fex 
A ( 6 )  = -3 b X  
ex A(7) = -d3f 
dY3 
59 




A ( 9 )  = -
Ai* 
V I  
B(m) = (in same o r d e r  as A ( m )  
ax j  a yk 
BX,BY = f f bx’ by 
C = K  
DV = dV 
C 
EX,EY = e e 
x ’  Y 
FEH = f 
eh 
F M = f  
m 
FX0,FYO = f , f 
x o  yo 
IFEH = at feh d t  
P = K  
P 
R = y  
d 
RD = r 
bi’ ’bi XB1,YBI = x 
XE,YE = x , e ’e 
x u , w  = x , u yu 
60 
X ( 1 )  = t 
X ( 2 )  = x b 
X ( 3 )  = x' b 
X ( 4 )  = yb 
X ( 5 )  = y; 
X ( 6 )  = Ihc 
X ( 7 )  = I 
v c  
T = t  
w = w  
S 
wo = w 
WH = W 
0 
h 
5. Lis t ing  of FTograms: 
C Main Program: 
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C Constant parameters of the system are assigned values: 
C Values of K, to  be read i n ,  and variables are i n i t i a l i z e d :  
10 KEAOvC 
I F ( C . G T o l O 1  GO TO 99 
OF E HZ=O e 
H T = d o  
E X = O  0 
E Y = O o  
X B I = O .  
YBI=O. 
cs=o* 
S N t O o  
xu=o.o 
YU=O.O 
DO 4 1 = 1 9 4  
00 3 1 ~ 1 9 4  
4 Z(I)=O. 
3 Y ( I I = O o  
FEH = 00 
62 
FEHI=O.  
00 I I = 1 , 1 5  
1 X(II=O 
C Output Commands: 
W R I T E  ( 6 ~ 1 5 )  
1 5  FOKMAT ( 1 H 1 5 0 X 4 H O A T A / / / , 4 X 1 ~ T , ~ X 3 } ~ X ~ I , 4 X 3 H Y 3 I , ~ X Z t i F X , 3 X 7 H F Y , 4 ~ 2 H X ~  
1 5 x 2  HY t3 9 6 X  3HFEH 8 X 4 H I  F EH 9 8XLHEH 1 
DO 30 I = l r 1 5 0 0  
W R I T E  (6926) X ( l ~ r X R J ~ Y B I ~ F X , F Y , X ( Z ~ ~ X ~ 4 ~ ~ ~ E H I , X ( l S ~  
20 F O R M A r  ( l X , F 6 o l r Z F 7 . 3 , 2 F 5 . 2 , 5 E 1 1 . 3 )  
3 0  C A L L  K U K ( X q D T v 1 5 1  
W R I T E  (6,201 X (  ~ ) , X B I , Y B I , F X , F Y , X ( ~ ) ~ X ( ~ ) ~ F E H ~ F E H I , X ( ~ S )  
GO TO 10 
9 9  R E J U K N  
EN I) 
C Subroutine does numerical integration of differential equations 
given in subroutine DERIV: 
SUBROUTINE R U K ( X v D T , N )  
RUNGE-KUTTA 4 T H  CIRDER 
COMMON /NOME/R 9 C 
D I M E N S  I O N  
C A L L  P U L S E ( X , D T )  
CALL UERIV( X , D t D T )  
DO 101 I=l,N 
C A L L  D€RIV(U,F,DTI 
DO 102 I=l,N 
D( I ) = D (  I )+2.0 
XU Y U ,PD 9 CS 9 SN 9 X B I  p Y R I  9 FX 9 FY dH 9 WHT 9 WHM t W HMf 
X ( 1 5  1 ,U(  30 1 ; F (  3 0 )  904 30 1 
101 U( I )=X( I )+0.5 eo(  I )  
* F (  I )  
102 U(I)=X(I)+O.S * f ( I )  
C A L L  DERIV(U, F I D T )  
00 103 I = l r N  
O ( I  )=O(I )+2.O*F(I 1 
103 U( I )=X( I ) + F (  I )  
C A L L  
DO 104 I=l,N 




C Soubroutine simulates an on-off octagonal controller- 
mechanication of Fig. 13: 
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7 3  FX=-F(Y 
7 7  FY=-FM 
7 4  f X = F M  
78 FY=F,Y 
7 5  FA=-FM 
GL) TO SO 
GO T O  80 
G 3  T O  6 5  
GO TU 6 5  
90 dT=DV/FP 
7 0  KETUkN 
EN D 
7 6  FX=FM 
C Subroutine checks t h e  s i g n  of AN and BN; i f  t h e  s i g n s  a r e  
C equa l ,  then  CN = +l., i f  t h e  s i g n s  are oppos i t e ,  then  CN = -1. 
C N = - l .  
I F  ( A N . G T . 0 . )  GO TO 5 1  
I F  ( t3NoLToO.J  G O  TO 5 2  
G(1 T O  5 3  
GU TU 5 3  
5 1  f F  ( d N o G T . O . 1  G11 TO 5 2  
5 2  CN= i .  
53 RETURN 
E N D  
C Subroutine g ives  d i f f e r e n t i a l  forms o f :  
C a. equat ions  of motion, 
C b. i n t e g r a l  c o n t r o l l e r ,  
C c. i n - t r ack  mass a t t r a c t i o n  f o r c e ,  and 










COMPUTER PROGRAM SIMULATING SATELLITE SYSTEM WITH ON-OFF, 
INTEGRAL CONTROL WITH SQUARE DEADSPACE 
1 .  Delete subroutines PULSE and SIGN from program given i n  Appendix A .  
2 .  Add new subroutine PULSE. 




SCHEMATIC FOR ANALOG COMPUTER SIMULATION OF SATELLITE 
SYSTEM WITH SQUARE DEADSPACE, INTEGRAL, CONTROL 
1. Simula t ion  w a s  done on EA1 analog computer TR-48. 
2 .  Schematic shows s imula t ion  of s a t e l l i t e  t r a n s l a t i o n a l  equat ions  
of motion [Eq. (2 .2a ,b )1 ,  i n t e g r a l  c o n t r o l  wi th  square  deadspace. 
3. Time scaled such t h a t  s imula t ion  t i m e  = 1/10 real  t i m e .  
4 .  o = 0.1 rad /sec .  
5. D e f i n i t i o n  of symbols on next page. 
6 .  F igu res  25 and 26 show t h e  schematics for analog computer simula- 
S 
t i o n  of t h e  s a t e l l i t e  system wi th  l i n e a r  square  deadspace; i n t e g r a l  
con t ro l .  
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-(ax + by + C Z )  
Z 





kx potentiometer (2 sided) 
k 





7 2  
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, '3 , 
'7' ,TI , 
+ I  I 
C .- +?I ar; 
m u l  
0 0  u u  
+ I  
.E .E .E .E 
I + I +  















I +  
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IO - - 
0.5 
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